I. INTRODUCTION
High-precision calculations of energy levels for small atoms and atomic ions have been a subject of fruitful interplay between the experiment and theory, as has been evident from the works concerning the lithium atom. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] The most accurate calculations have included leading relativistic and quantum electrodynamics (QED) corrections of orders O(α 4 , where α is the fine structure constant, c is the speed of light, and m and M are the electron and nuclear mass, respectively. Particularly accurate have been the calculations involving Hylleraas basis functions. The form of these basis functions allows to describe very well both the electron correlation and the behavior of the wave function at short and long ranges of the electron-electron and electron-nucleus distances.
More recently, the experimental-theoretical interplay has started to focus on beryllium-like atoms, as both theoretical tools and experimental techniques have started to deliver higher accuracy results for transition energies of these four-electron systems. As extending the application of the Hylleraas basis functions to calculating states of atoms with four electrons has not been accomplished yet, other types of variational expansions have been used. One of the most popular and, arguably, the most effective among them have been all-electron explicitly correlated Gaussian functions (ECGs). [14] [15] [16] Although Gaussian functions do not correctly describe interparticle cusps and the long-distance behavior of the wave function, if many of them are included in the basis set and their nonlinear parameters are well optimized, the accuracy of the computed results can be very high as evidenced by recent publications. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] In this work we continue to apply ECGs to study atomic excited states. The targeted states are the seven lowest 1s 2 2snp ( 1 P), n = 2. . . 8, states of the beryllium atom. The calculations involve two steps. In the first step performed at the nonrelativistic level of theory a ECG basis set for expanding the wave function of each considered state is generated and the total energy of the state is calculated. The approach directly involves accounting for the final mass of the beryllium 9 Be nucleus. The second step involves the calculations of the largest relativistic corrections, namely, the mass-velocity (MV), Darwin (D), and spin-spin (SS) interaction corrections. The total nonrelativistic energies augmented with the corresponding relativistic corrections are used to determine the transition energies for the considered states with respect to the ground 1s 2 2s 2 ( 1 S) state. The NIST Atomic Spectra Database 27, 28 lists six energy levels corresponding to 1s 2 2s np ( 1 P), n = 2. . . 6 Rydberg states of 9 Be. The energy of these six states expressed in wave numbers and determined with respect to the ground state are known to two figures after the decimal point. There are also some higher 1 P states listed (n = 7. . . 13), but the energy levels of those states are known less precisely-one figure after the decimal point or less. As the results of the present work indicate, theoretical calculations can yield more accurate values for the transition energies involving those higher states and, thus, may provide some guidance for their remeasurement at higher accuracy.
High accuracy in the ECG calculations can only be achieved if very large basis sets are employed and the nonlinear parameters of ECGs are extensively optimized. In this work the ECG basis is generated independently for each considered state. The optimization relies on a procedure that involves the analytic energy gradient determined with respect to the parameters. The use of the analytic gradient has a very notable effect on the efficiency of the optimization and makes calculations with very extended basis sets feasible.
II. THE HAMILTONIAN
The nonrelativistic Hamiltonian for the beryllium atom describing the intrinsic motion of the system ("inter- center-of-mass motion from the laboratory-coordinate-system Hamiltonian (for more details see, for example, Refs. 29 and 15). The separation is rigorous and leads to the following form ofĤ int expressed in atomic units:
where n = 4, r i is the distance between the ith electron and the nucleus, m 0 is the nuclear mass (16424.2037m e for 9 Be, where m e = 1 is the electron mass), q 0 = +4 is the nuclear charge, q i = −1 are electron charges, and μ i = m 0 m i /(m 0 + m i ) are electron reduced masses.
The internal Hamiltonian (1) explicitly depends on the mass of the nucleus. Thus, the calculated energy levels for different isotopes are slightly shifted with respect to each other. The shifts can be directly determined from the variational calculations without resorting to perturbation theory, which is typically employed in atomic structure calculations. The mass of the nucleus can also be set to infinity, in which case in the present calculations one obtains the energy spectrum of ∞ Be. Such calculations can be directly compared with the available reference data.
III. THE BASIS SET
The all-electron explicitly correlated Gaussians used in this work to describe the seven 1 P states of the beryllium atom have the following form:
where z i k is the z-coordinate of the ith electron (i k is an adjustable integer parameter in our calculations), A k is an n × n symmetric matrix, ⊗ is the Kronecker product, I 3 is a 3 × 3 identity matrix, and r is a 3n vector of the electron coordinates. The prime symbol indicates the matrix/vector transpose. Gaussians (2) are square integrable if the A k matrix is positive definite. To assure this requirement is always met we use the following Cholesky-factored form of
where L k is a lower triangular matrix. In this form the A k matrix is always positive definite regardless of the values of the L k matrix elements. Thus these values can be varied from ∞ to −∞. In our calculations the elements of the L k matrices replace the elements of the A k matrix as the variational parameters and their optimization is carried out without any constraints.
In the approach employed in the present calculations we use the spin-free formalism to ensure the correct permutational symmetry properties. In this formalism, an appropriate symmetry projector is applied to the elementary basis functions (2) . The symmetry projector can be constructed using the standard procedure involving Young operators as described, for example, in Ref. 30 . For singlet states of beryllium, the Young operator can be chosen as:Ŷ = (1 −P 13 )
(1 −P 24 )(1 +P 12 )(1 +P 34 ), whereP ij denotes the permutation of the spatial coordinates of the ith and jth electrons (particle 0 is the nucleus). As the Hamiltonian of the system commutes with all electron permutations, in the calculation of the overlap and Hamiltonian matrix elements,Ŷ may be applied to either bra or ket only (asŶ †Ŷ ). More technical details on basis functions (2) and the evaluation of matrix elements with them can be found in Ref. 31 .
As mentioned, the basis set optimization has been carried out separately for each of the seven 1 P states considered in this work. The optimization was only done for the 9 Be isotope. In the calculations for ∞ Be, the 9 Be basis sets are used without reoptimization of the nonlinear parameters. Only the linear expansion coefficient of the wave function is readjusted by solving the secular equation. This simplification has virtually no effect on the accuracy of the ∞ Be results as the change of the wave function upon varying the nuclear mass from 16424.2037m e to infinity is rather small.
The final basis set for each of the states considered in this work has been generated in a multistep process. It starts with a small set of randomly chosen functions and involves incremental addition of new functions. The new functions are added to the basis set one by one and their nonlinear L k parameters are optimized using the procedure employing the analytic gradient of the energy. The initial guesses of these parameters are generated based on random sampling from a distribution that is defined by the parameters of the functions that are already in the basis. The random candidate, which lowers the energy the most, is then added to the basis. After a certain number of functions (10 in this particular calculation) is added to the basis set, the entire basis is reoptimized. The reoptimization involves cycling over all functions, one by one, several times and tuning their nonlinear parameters. As basis functions are added and optimized certain steps have to be taken to prevent the occurrence of linear dependencies between the basis functions, which may have a destructive effect on the numerical stability and efficiency of the calculations. As in most cases only pairs of basis functions develop strong linear dependencies, after each new function is added to the basis set and its exponential parameters are optimized, it is checked for possible linear dependence with every other function in the basis set. If linear dependency appears, the function is rejected and replaced by another function.
IV. CALCULATION OF THE RELATIVISTIC CORRECTIONS
While relativistic effects in atoms with small nuclear charge are weak, their inclusion provides considerable better agreement with the spectroscopic data. These effects can be accounted for by means of perturbation theory based on the expansion of the total energy in powers of the finestructure constant. 32 In this work we restrict ourselves only to the largest relativistic contributions due to the mass-velocity, Darwin, and spin-spin interaction effects. 33 The smaller orbitorbit interaction correction, as well as higher order QED corrections, are not included. The operators representing the MV, D, and SS relativistic corrections can be written in the internal coordinates r i as follows:
and
Here s i is the spin operator for the ith electron. The spinaveraged value of s i · s j is equal to −3/4. The corrections are computed as expectation values of the above operators with the zero-order wave functions that correspond to the 1 P states. The calculations are performed for both 9 Be and ∞ Be isotopes. In the former case the recoil effects are automatically included in all relativistic corrections (MV, D, and SS) calculated in this work.
V. CALCULATIONS OF THE ENERGIES OF THE 1 P STATES FOR 9 BE
A thorough optimization of an ECG basis set is a very demanding computational task even if the analytic energy gradient is used in the calculation. As the number of nodes in higher excited states increases, more basis functions are needed to achieve a comparable accuracy as achieved for lower-lying states. In Table I the convergence of the total energy of 9 Be isotope with the number of ECG basis functions is shown for all seven 1 P states considered in this work. As one can see for the lowest 1s 2 2s2p state at the level of 10 700 ECGs the energy changes only by one in the ninth figure after the decimal point after the basis set is increased by 300 functions, while for the highest 1s 2 2s8p state the increase by 300 functions from 12 200 to 12 500 changes the energy by three in the eight figure after the decimal point.
As the experimental values expressed in wave numbers for the 1s 2 2s 2 ( 1 S)→ 1s 2 2snp ( 1 P), n = 2. . . 6, are given with two significant figures after the decimal point, this is the target accuracy we aim for in the present calculations. The analysis of the data presented in Table II suggests that the transition energy for the lowest 1s 2 2s2p state is converged to about 0.001-0.002 cm −1 , while the convergence for the highest 1s 2 2s8p state is about 0.03-0.05 cm −1 . The components of the relativistic correction for all seven 1 P states of 9 Be are shown in Table III . They are calculated using the largest basis set generated for each state. In Table III we also show the total energy for each state calculated as a sum of the total nonrelativistic energy and the corresponding relativistic corrections. The same set of data is also shown for the beryllium atom with an infinite mass of the nucleus ( ∞ Be). Our ∞ Be nonrelativistic energy for the lowest 1s 2 2s2p ( 1 P) state can be compared with the recent result of Puchalski et al. 26 of −14.473 451 334 hartree. Our variational upper bound, −14.473 451 378(10) hartree, yields somewhat more converged value. Table III also lists the transition energies for the seven 1 P states calculated with respect to the ground 1 S state using the corresponding total energies calculated with and without the relativistic corrections. The transition energies are calculated for both 9 Be and ∞ Be. The results for 9 Be are shown against the experimental transition energies. 27 Here, the following observations can be made. First, the comparison of the nonrelativistic 9 Be and ∞ Be transition energies shows that the finite-nuclear-mass effect provides a noticeable contribution to the energies, which increases in magnitude from about −3 cm −1 for the lower states to about −5 cm −1 for the highest states. Second, the comparison of the calculated and experimental transition energies shows that, while at the nonrelativistic level the energy differs by about 11 cm −1 for the 1s 2 2s2p state and by about 7 cm −1 for the 1s 2 2s6p state, the differences are significantly reduced by including the relativistic corrections to only about 0.2 cm −1 for the lowest state and to 0.8 cm −1 for the 1s 2 2s5p state (for this state the difference with the experiment is the highest).
Finally, in Table IV some expectation values calculated for the seven 1 P states obtained with the largest basis sets generated in the calculation are shown. Among the results it is interesting to examine the expectation values that demonstrate the increasing diffuseness of the electron density as the p electron becomes excited to higher Rydberg states. These expectation values are the average nucleus-electron distance, r i , and the average electron-electron distance, r ij . As one can see both r i and r ij , as expected, rapidly increase with TABLE III. Total nonrelativistic energies (E NR ) of 1s 2 2snp ( 1 P), n = 2. . . 8, states of the beryllium atom ( 9 Be), the mass-velocity, Darwin, and spin-spin interaction relativistic corrections, and the total energies that include relativistic corrections (E tot = E NR + α 2 (E MV + E D + E SS )) and their values with respect to the ground 1s 2 2s 2 ( 1 S) state (
). NIST denotes the experimental data from NIST Atomic Spectra Database. 27 All entries are in hartree, except the last three columns. Values in parentheses are estimates of uncertainty due to finite length of the basis.
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VI. SUMMARY
Very accurate quantum-mechanical variational calculations are performed for the lowest seven 1s 2 2snp ( 1 P), n = 2. . . 8, states of the beryllium atom, 9 Be. Using a very extended set of all-electron explicitly correlated Gaussian functions a new nonrelativistic variational energy upper bound is obtained for each state. The optimization of nonlinear parameters of the basis functions takes advantage of the analytic gradient determined with respect to these parameters. After augmenting the nonrelativistic energies with a set of most significant relativistic corrections, namely, the mass-velocity, Darwin, and spin-spin corrections, the transition energies with respect to the beryllium ground 1s 2 2s 2 ( 1 S) state are calculated and compared with the experimental data. The discrepancy of the calculated transition energies with the experiment does not exceed 0.8 cm −1 . It is found that the relativistic and finite-nuclear-mass effects provide contributions similar in magnitude (of several wave numbers), but opposite in sign, to the transition frequencies. The results of this work lie foundation for further progress towards achieving truly spectroscopic accuracy in theoretical calculations of small atoms. Such calculations complemented with highly accurate experimental measurements and with understanding of the underlying atomic theory may allow precision tests of QED and determination of nuclear properties.
